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Abstract 



tH- I We use the Rayleigh-Schrodinger perturbation theory to calculate the corrections to 

^-^ ' the adiabatic geometric phase due to a perturbation of the Hamiltonian. We show that 

these corrections are at least of second order in the perturbation parameter. As an 
On ■ application of our general results we address the problem of the adiabatic geometric phase 

for a one-dimensional particle which is confined to an infinite square well with moving 
pLiI walls. 

^ . 

^ 1 Introduction 



K^ ! In Ref. [|1|, Pereshogin and Pronin consider the problem of the calculation of the adiabatic 
geometric phase ^ for a free particle confined between moving walls. The quantum dynamics 
of this system has been studied by Doescher and Rice 0], Munier ei a/ |^, Berry and Klein 
p, Greenbereger 0, Pinder 0, Seba [H, Makowski et al [§, Devoto and Pomorisac [^ 



and Dodonov et al [0. The analysis of Pereshogin and Pronin |]l[ is however different in 
nature, for it uses the geometric ideas of parallel transportation in vector bundles to derive an 
effective Hamiltonian for the system. They suggest that the quantum dynamics of the system 
is determined by the effective Hamiltonian and employ the Rayleigh-Schrodinger perturbation 
theory to obtain the first nonvanishing contribution to Berry's connection one-form (vector 
potential) for the effective Hamiltonian. 
*E-niail address: amostafazadeh@ku.edu.tr 



The phenomenon of the geometric phase induced by moving boundaries was initially con- 



sidered by Levy-Leblond ]T2[ who calculated the phase shift of the wave function of a free 
particle which is forced to pass through a wave guide of finite length. There is also a mention 
of a 'geometric phase' in Greenberger's analysis of the dynamics of a particle confined between 
moving walls 0. Greenberger's terminology is however not appropriate, for what he calls a 
geometric phase depends on spatial coordinates. Therefore, it is not really the phase of the 
state vector in the Hilbert space and must not be confused with the geometric phase of Berry 



and its nonadiabatic generalization due to Aharonov and Anandan [13|. In fact, to the best 
of the author's knowledge, Pereshogin and Pronin's article |l[] is the only publication in which 
the authors use Berry's framework to study the problem of the adiabatic geometric phase due 
to moving boundaries. 

In the present article we address the problem of the perturbative calculation of Berry's con- 
nection one-form for a general nondegenerate Hamiltonian. Furthermore, we use the method of 



time-dependent quantum canonical transformations ||I^ |T^ to study the dynamics of a particle 
confined between moving walls. We then apply our general results to obtain a perturbative 
expression for the adiabatic geometric phase for this system. In particular, we shall consider 
the special case where the particle is free and compare our results with those of Pereshogin and 
Pronin. 

The organization of the paper is as follows. In sections 2 and 3, we shall offer a brief 
review of the (cyclic and noncyclic) adiabatic geometric phases and the Rayleigh-Schrodinger 
perturbation theory, respectively. In section 4, we derive an expression for the Berry's con- 
nection one-form which yields the perturbative corrections to the connection one-form for the 
nonperturbed system to arbitrary orders of perturbation. In section 5, we treat the quantum 
dynamics of a particle confined between moving walls. In section 6, we address the problem 
of the adiabatic geometric phase for this system. In section 7, we summarize our main results 
and conclude the paper with our final remarks. 

2 Adiabatic Geometric Phase 

Consider a parametric Hamiltonian H[B\ satisfying the following conditions: 



• H[B\ depends on a set of real parameters R = [R^, R^,- ■ ■ , R'^) which are identified with 
local coordinates of a smooth parameter manifold^; 

• H[R\ is a Hermitian operator with a discrete spectrum for all possible values of R; 

• The eigenvalues En[R] of H[R] are nondegenerate for all possible values of R. In particular 
as R changes in time, no level- crossings occur. 

• The eigenvalues En[R] of H[R] are smooth functions of R. 

Now if the parameters R change in time t G [0, r] in such a way that the evolution of the 



system is adiabatic [Tg, [T^], then a normalized eigenvector \n; -R(O)) of the initial Hamiltonian 



H[R{0)] evolves according to 

|V.(t)) = e^-W|n;i?(t)), (1) 

where a„(t) is a phase angle and |n; R) is a normalized eigenvector of H[R] corresponding to 
the eigenvalue En[R], i.e., |n; R) is a solution of 

H[R]\n;R) = En[R]\n;R) . (2) 

We shall assume that \n; R) are smooth functions of R and that they form a complete orthonor- 
mal set of basis vectors for the Hilbert space. This means that for all possible values of R, m, 

and n, 

{m; R\n] R) = Smn , and '^ \n; R) {n; R\ = 1 . (3) 

n 

The phase angle a„(t) appearing in (|I]) is given by 

an(t) :=<5„(t)+7n(t) , (4) 

where 

Suit) := -\ f E^{t')dt' , (5) 

n Jo 

nt rR{t) 

ln{t) := / An{t')dt' = / Ar\R] , (6) 

JO Jfl(O) 



^Here R abbreviates (i?^, i?^, • • • , W^). This notation does not mean that i? is a vector belonging to IR . i? 
is a d-tuple of real numbers representing the coordinates of a smooth parameter manifold. The latter must not 
be confused with the configuration space of the corresponding system. 



An{t) := i{n; Rit)\ — \n; R{t)) , and (7) 

'^ d 

An[R] := i{n;R\d\n;R) = J2i{n;R\——\n;R)dR''. (8) 

a=l ^^"^ 

Sn{t) and 7„(t) are called the dynamical and geometrical parts of the total phase angle an{t), 
respectively. The one-form A„[i?] is known as Berry's connection one-form [Q. 
The adiabatic geometric phase |T8| , [19[ is given by 



$n(t) = W^n(t)r"(t) , (9) 

where 

r'^(t) := e'^"(*) , and (10) 

Wn{t) := {n-RiO)\n;Rit)). (11) 

If the parameters R{t) trace a closed path C in the parameter space, i.e., there is T G IR'*' 
such that R{T) = R{0), then at t = T we have H[R{T)] = H[R{0)], \n; R{T)) = \n; R{0)), and 
Wn(T) = 1. In particular, |V'(0)) = \n; -R(O)) undergoes a cyclic evolution and ^n{T) yields the 
cyclic adiabatic geometric phase or the Berry's phase 0: 

$„(T) = r"(T) = e*^"(^) = e^i^c^"[^] . (12) 

The above derivation of the geometric phase is valid even for the cases where the Hilbert 
space is time- dependent. The time-dependence of the Hilbert space may be reflected in the 
definition of the measure used to define integration. For example consider the problem of a 
one-dimensional particle confined between two walls positioned as a; = and x = L{t), where 
L : [0, r] -^ IR"^ is a smooth function and r is the duration of the evolution of the system. The 
Hilbert space Ht is L^([0,L(t)]) which depends on time. However, we can identify L^{[0,L(t)]) 
with 

/oo 
■^*{x)tlj{x)fit{x)dx < cx)} . (13) 

-oo 

where the measure function fit is given by 

fitix) := e{x) - e{x - L{t)) , (14) 

and 6' : IR — i> {0, 1} denotes the step function: 

„, , I 1 for X > , , 

9{x) :={ ^ ^ - (15) 

for X < . 



Now let us denote the eigenfunctions of H[R{t)] in the position representation by {/)„, i.e., 

(x;t) := {x\n]R{t)). Then 

An = -ii{n;R{t)\ — \n;R{t))\ = -z f/ (f)l4>nfidxj = -i (j)n4>nl^dx , 

= -i-n I (l)n(l)nl^dx + i (^^(pnlJ'dx + i |0„p/i(ix , 

= An + ^\Mx = m■,t)W (16) 



where * stands for the operation of complex conjugation. The last equation in (piq) is obtained 
by making use of the fact that 0„ are normalized and that /i = —6{x — L{t)) = 6{x — L{t)) 
where 6{x) is the Dirac delta function. Eq. (|1^) shows that An and consequently the Berry 
connection one-form An and the phase angles 7n(t) and a;„(t) are real, provided that one chooses 
the boundary condition: (l)n\x=L(t) ~ ^■ 

3 Perturbation Theory 

In order to compute the adiabatic geometric phase (H), one needs to obtain the eigenvectors 
\n; R) of the Hamiltonian H[R]. There are, however, quite a few Hamiltonians whose eigenvalue 
equation is solved exactly. Often, one uses approximation schemes to obtain the eigenvalues 
and eigenvectors of a given Hamiltonian. One of the best-known approximation methods of 



solving the eigenvalue problem is the Rayleigh-Schrodinger perturbation theory ||20|, ^. We 
shall next derive the basic results of the Rayleigh-Schrodinger perturbation theory. 
Consider a parametric Hamiltonian of the form 

H[R] = Ho[R] + e[R]h[R] , (17) 

where Ho[R\ is a parametric Hamiltonian with the same properties as H[R], e[R] is a real 
parameter, and h[R] is a Hermitian operator. If the eigenvalue equation for Ho[R] is exactly 
solvable, then one may attempt to obtain the eigenvalues and eigenvectors of H[R\ as power 
series in e[R], 

OO 

En[R] = E^^n^]e[i?r, (18) 

OO 

\n;R) = 5]|n;i?),e[i?f , (19) 



whose coefficients E!^^[R] and \n; R)i are expressed in terms of the eigenvalues and eigenvectors 
oiHolR]. 

In the following calculations we shall suppress the i?-dependence of the relevant quantities 
for brevity, i.e., we shall use the notation: 

H = H[R] , Ho = Ho[R] , e = e[R] , h = h[R] , 

E^ = E„[i?] , \n) = \n; R) , Ef = E^^^R] , and \n)e = \n; R), . 



Substituting Eqs. ([T8| ) and (0) in Eq. (0) and performing the necessary calculations, we 
obtain an equation of the form 

oo 

(20) 



E 10. e^ = 

1=0 



where 



lOo = (i/o-i^i°^)|n)o, and 

\0i = Ho\n), + h\n),_,-Y^E^^^\n),.k. for £>1. 

fc=0 



(21) 
(22) 



The basic idea of the perturbation theory is to construct a solution of Eq. (^) by requiring 



10. = 0, for all £ = 0,1,2, 



(23) 



For £ = 0, this implies that E^'^ and |n)o are the eigenvalues and eigenvectors of Hq. Therefore, 
according to the hypothesis we can calculate them exactly. We shall assume without loss of 
generality that |n)o form a complete orthonormal set of basis vectors of the Hilbert space and 
express \n)i in this basis. This leads to 



l^). = Ec'Ll"^)o 



(24) 



where C^^ = C^^i-R] are complex coefficients depending on the parameters R. Clearly, 



^mn = Q{f^W)i- In particular. 






(25) 



Now let us substitute Eq. (|^) in Eq. (^2]) and use Eq. (p5D and the identity 

h = Yl d.r\h\s)Q |r)o o(s| , 



(26) 



to simplify the resulting expression. This yields 

10^ = E^ml^)o, where i>l, (27) 

m 

dl = -5^.E« + (E(?)-E(°))CL+ oH%)o, and (28) 

di = -SmnEi''> + (i?(?) - i?f )CL + E ^™ ' o{m\h\r)o - E Ei'^Ct'\ for i > 2.(29) 



fc=i 



Next we enforce Eq. (23). In view of Eq. (27) and linear independence of the basis vectors 



m)o, Eq. ( p3D implies d^^ = for all m and i > 1. For i* = 1, this leads to 

i?^ = o('^|^|^)o 5 and (30) 

CL - jP!^ fa m^n. (31) 



Eqs. (^) and ( PT| ) are obtained by setting m = n and m ^ nm. d]^ = Q, respectively. Similarly, 
(i^ = for £ > 2 give rise to 

4'^ = E^™^(^l^k)o-Ei?„'C7t^ for£>2 (32) 

r k=l 

CL = (Ef - eW)-i ("^ C,t' o(m|/i|r)o - E E^n^C'^n] , for m ^ n, £ > 2. (33) 

\ r k=l / 

We can use Eqs. (|30[) and (0), to write Eqs. (^) and (|33|) in the form 

E^^^ = UEi'^ - E^^^)ClCl , (34) 

E^^ = Y.iE^'^-E^^)ClCi-'-Y.E^J:^Cll\ for£>3, (35) 

r^n k=2 

Cmn = E '^) ^ C'mrCrn + T;^) ^ '^nin fol' "^ 7^ ^, (36) 

/s;(o) _ e;(o)\ / s;(i) _ s;(i)\ „ ^-i e^^^C/'^ 



, p(0) p(0) / ^™^^™ ' I p(0) p{0) ; ^rnn ^ (o) (0) 

r^m \ -C/n — -C/m / \ Hin — Cjm / fc=2 -C/n — -C/m 

for m ^ n, l>?) . (37) 

These equations yield -E^^^ and C^„ with m 7^ ra in terms of El'^\ E^^\ C^^, and C^^, where 
k < i. One can iterate them to express E^^^ and C.^„ with m 7^ n in terms of E^^\ E^^\ C^^, and 
C!^j.. They do not, however, restrict C^^. This means that C^„ are not fixed by the eigenvalue 
equation. This is due to the fact that the eigenvalue equation (^ determines the eigenvectors 
up to an arbitrary multiplicative factor. We can restrict the choice of C^„ by imposing the 



normalization condition on \n). Substituting Eqs. (|T9D and (0) in {m\n) = 6mn and making 
use of the ortho normality of |?7,)o, we find 

CX) 

Y, dje^ = , where (38) 

dr-=i:T.CrnCl-'* . (39) 

Again we seek a solution of Eq. (^) of the form dj = for all j = 1, 2, ■ ■ -. This leads to 



'J 

^nm + ^mn = ) (40) 

C^ + CL^ = -T.T.CLC'r^n'* , for j>2. (41) 

e=i r 

One can show that for m ^ n, Eqs. (|40|) and (|4l|) are trivially satisfied. But for m = n, they 

determine the real part of C^„ according to 

Re(Ci) = 0, and (42) 

MCL) = -lT.T.CLC'rn'\ for J > 2, (43) 

where Re means the 'real part of. The imaginary part of C^„ is still arbitrary. This is because 
the normalization condition determines the eigenvectors up to an arbitrary phase factor. This 
phase factor can, in principle, depend on the perturbation parameter e and consequently show 
up in all orders of perturbation. The common practice is to set the imaginary part of C^„ equal 
to zero, PD|. This corresponds to making a particular choice for the phase of the eigenvectors. 



4 Perturbative Calculation of Berry's Connection One- 
form 

Having obtained the perturbation series for the eigenvectors \n) of the Hamiltonian H, we are 
in a position to compute the Berry's connection one-form An- In fact, we shall instead compute 
An of Eq. (^. An can be easily obtained from An by changing the time- derivatives to the 
exterior derivatives. 

We shall first substitute Eq. (||) into Eq. (^). This yields 

oo 

\n) = j:EcL\m)oe'. (44) 



Next, we differentiate both sides of Eq. ( ^41) and take the inner product of the resulting expres- 
sion with In). Then using Eq. ( p^ , the identity 



k{n\ — \m)o = Y^ k{n\r)o o{r\ — \m)o 



and doing the necessary algebra, we find 



d °° 

An = i{n\ — \n) =iY.Y. 



d 



yk* /^i -l+k—l 



\CmnPran + 2^ Crn^mn OV I ^17 l"^)o)e + ^C^JJ^Jie 



dV 



(45) 



where a dot denotes a time-derivative. 

Making the change of dummy index: k ^ j := i + k we can write Eq. ( ^5|) in the form 

•^n = 2^ 2^ 2^ Y'^mn ^mn ' \^mn ^mn-^m )\ ^ ' 
j=0£=0 m 

oo j CO j 

/ . / . / . / . ^rn ^ mw^rm,^ "•" ^ Z_^ 2-^ 2-^ ^^mn ^mn^^ ' 
j=0£=0 m r-T^m j=l £=1 m 



(46) 



where Al^J, := i o{r\f^\m)o and A^^^ := A^^^ = i o(m|||m)o. 

The last term on the right hand side of ( ^61 ) may be written as 



dt 



mn ^mn^ 



^ ■ J mn mn 



■ X^mn mn "*" mn mnj 



Substituting this equation in (|46|), writing the j = 0, 1, and 2 terms in (^) separately, and 
making use of C^„ = 6mn = 0, we obtain 



tZ-Vf 






2Re(ClMf + 2^Re(C,Ui°^) 



rj^n 



e + 



2Ke(^G^„jyi„ + 2_^ \^mn\ ■^m + 



/ A ^m.n^m.v. ^nin^mnl ' / j ^^^"v^ rn'^nr I ' / y 7 ^ ^rn^nin'^rm 



m 

oo j 



EEE 

j=3^=0 rn 



r^n 

P 
^^mn ^-^mn'^^m '^ ''K ■ J^-^nin ^-^i 



r^m 



e' + 



a 



e*ryi 
mn ■ ^mn ^nm 

3 






V r^-^*r^ /i(o) 

rj^ni 



d +i 



dt 



where 



oo J 



1 ■— 2^ 2^2^\~)^mn '^mn^ 
j=l £=l m J 



(47) 



(4J 



The first term in the first square bracket on the right hand side of Eq. (^7]) vanishes by virtue 
of Eq. (^2|). Similarly using Eq. (^31), we can write the first two terms of the second square 



9 



bracket in the form: 



Zsxe[C^^)A^ + 2_^ \^rnn\ •^m ~ Z^l l^mnl •^n + l^mnl •^m ) 






Next let us observe that in view of Eq. (02] 



(49) 






(50) 



Substituting Eqs. 



; vr^^l/ ; 



and (|50[) in Eq. (^Tf), we obtain 



«^n "^n "I" 



2^Re(C,Ui°;) 



T^n 



e + 






m r^m 



.^.0(.V.| 



(51) 



where 0{e^) denotes the third and higher order terms in e, i.e. 



OO J 



j=3^=0 m 






mn 






(52) 



We can rewrite the terms involving A^^ in (|52D by separating the £ = and £ = j terms in the 
sum and using Eq. ( ^31) which yields 



i ^ 1 

1=0 m i=l m 

/ J / J ran mn\'^m "^n I ' 

m^n 1=1 

Furthermore, changing the dummy index £ in the second sum on the right hand side of (|5^ ) to 
k := j — i, we have 



(53) 



ik 






(.=0 J k=0 3 

Substituting Eqs. (|5|) and (H in (|5|), we find 



k* /ij—k 
mn 



(54) 



Oie') = EE 

3=3 1=1 



/ y ^^mn ^^mn\''^m, -^-n J "•" / y | ■ K^^mn ^^mn ^^mn ^^mn/~' 

m^n m { J 






e' . 



(55) 



Having obtained the perturbation series for An we can write down the perturbation series for 
the Berry's connection one-form An- Changing the time-derivatives to the exterior derivatives 



10 



in the expression (0) for An, we find 



Ar 



Ai°) 



2Y.McLa'^^) 



r^n 



e + 






^'^y^mn nra) ^ ~r / ^ / , ^rn^mn rm 
m r^m 



e^ + 0{e^)+idf 



(56) 



where 



A(± := toHd\n)o, 4°) := AW = ^ oHrf|n)o , and 



(57) 



oo j-1 

EE 

i=3 e=i 



/ y mn mnV m n / '^ / ^ | ■ \mn mn mn mn)'^ 

m^n m y J 



/ y rn mn rm 



e^ . 



(58) 



In particular, let us consider a case where A^^ = for all m and n. Then, 



"^n — 2^ -^i^mndCmn ~ dC.^^C^^)e + 0{e ) + idf 



(59) 



If the unperturbed Hamiltonian Hq is a fixed operator, its eigenvectors |n)o will not depend 
on R. In this case A^^ = and Eq. (|59| ) holds. This equation indicates that the geometric 
phase effects due to a time- dependent perturbation are second (or higher) order effects in the 
perturbation parameter. In fact, this statement is also valid for the general case where A^]^ ^ 0. 



In order to see this, we recall the hypothesis of the adiabaticity of the evolution ||T^ which 
requires 

Amn '■= i{'>TT'\-r\n) ^ for all m^n. (60) 

We can repeat the above calculation of An for Amn with m ^ n and show that 



•A-mri = -A-mn + temis of ordcr e and higher. 

Hence, in order to ensure the validity of the adiabaticity condition (0), ^mn with m ^ n must 
be at least of order e. Consequently, the first perturbative correction to Berry's connection 
one-form (|5B) is indeed of order e^ . 



11 



5 Particle in a One-dimensional Infinite Well with Mov- 
ing Boundaries 

The Schrodinger equation for a particle of mass M in a one-dimensional infinite square well 
with a moving boundary is given by 



ifiip{x] t) 



+ V{x,t) 



^(x;t), (61) 



2M 9x2 
V^(0;t) = V^(L(t);t) = 0, (62) 

where V{x,t) is a real interaction potential, L : [0, r] -^ IR"*" is a smooth function, r is the 
duration of the evolution of the system, and x = and x = L{t) are the positions of the 
boundaries. 

As argued by Pereshogin and Pronin |1[], who studied the case of a free particle {V = 0), the 
Hilbert space Ht of this system at time t is L'^{[0,L{t)]). In particular. Tit is time-dependent. 
One way to handle this situation is to identify Tit with a fiber of a vector bundle, endow this 
vector bundle with a connection, and replace the ordinary time derivative appearing in the 
Schrodinger equation ( |6ll) by the covariant time-derivative corresponding to this connection. 
This is the approach pursued by Pereshogin and Pronin |jl| . If one makes the same choice for 
the connection as the one made by Pereshogin and Pronin [^, then one obtains the effective 
Hamiltonian 

^•''« = i7 + 2l(I) '"■" + ''"'■ («'' 

which is valid for ^ = 0. Pereshogin and Pronin suggest that the dynamics of such a particle 
is determined by the Schrodinger equation for this effective Hamiltonian subject to the same 
boundary conditions as in (|62D .p| 

The conventional approach to this problem is to determine the dynamics of the system using 
the Hamiltonian [^ 

H{t) = ^ + Vix-,t), where (64) 

, , , V(x,t) for xe \0,L(t)] , , 

^ 00 for X ^ [0, L{t)\ 



^As we shall see below, a consistent treatment of this problem leads to an effective Hamiltonian which differs 
from ileff in the sign of the second term on the right hand side of (^). 

12 



The Schrodinger equation for this Hamihonian is clearly equivalent to the original Schrodinger 
equation (|6ll) . 

We shall approach the problem of solving the Schrodinger equation for this system by 



applying the time-dependent canonical transformation |14, 15 



\m) - |'0'(t)):=W(t)|^(t)), (66) 

H{t) -^ H'{t) := U{t)H{t)U{ty + inU{t)U{ty , (67) 

X -^ x' ■=U{t)xU{t)\ p ^ p' ■=U{t)pU{t)^ , (68) 

defined by the unitary operator 

U{t) := e^(^P+P^) , (69) 

where a = a{t) is a smooth real- valued function of time. This canonical transformation corre- 



sponds to a time- dependent dilatation of space [^ . This is easily seen by substituting ( |69D in 
(|68| ) which yields 



X ^x' = e"(*)x , and p^p' = e""^*^ • (70) 

Furthermore, substituting (^) in (|67D and using Eq. (|6^) , we find 

Hit) -. H\t) = ^ + V'{x,t) - ^(xp + px) , (71) 

where 

V'{x,t):=V{x',t) . (72) 

Next let us choose the dilatation parameter a{t) to be 

a{t) = ln(L(t)/Lo) , (73) 

where Lq := L{0). Substituting ([73|) in (ffOp, we obtain 

.'^(M)., ,,a P'^(^)p. (74) 

In view of Eqs. (§^), (|T^, and ([7iD, the transformed potential is given by 

n.,t) = V(^'.t):=i^^''''^ '°' .'.lO.LWll fv-lig^.i) for . . [0, L„l 

^ oo for x' ^ [0, L{t)] J 1 oo for x ^ [0, Lq] 



13 



This means that the Schrodinger equation for the transformed Hamiltonian H'{t) is equivalent 
to the Schrodinger equation for the Hamiltonian 



namely 

h^Ll 92 inL{t) d d .,,L{t)x 



ihil)'{x] t) 



+ o T /V (^^7" + ^^) + ^i.^7^^ ^) 



^'ix;t), (77) 



2ML{tf dx'^ 2L{t) ^ dx dx ' ' Lq 
where ilj'{x;t) G L^([0,Lo]) and ([77|) is supposed to be solved with boundary conditions 

^'(0;t)=V^'(Lo;t) = 0. (78) 

The canonical transformation defined by (|69D and (|73D , therefore, maps the dynamics of the 
system with a time-dependent configuration space, i.e., [0, L(t)], to a system with a constant 
configuration space, i.e., [0, Lq]. The idea of transforming the problem with moving boundaries 
to an equivalent one with fixed boundaries was previously used by Munier et al [ffl, Razavy 



p2| , Greenbereger 0, and Seba 0. 

We conclude this section by making a couple of remarks. 

1. Performing the canonical transformation ( |69D and (0), on the effective Hamiltonian (|& 
of Pereshogin and Pronin |I[], we obtain the transformed effective Hamiltonian 

This is the Hamiltonian of a particle with a time-dependent (effective) mass M(t) = 
ML'^{t)/Ll which is confined between two walls positioned at x = and x = Lq. The 
Schrodinger equation for H'^glt) can be easily solved, for the adiabatic approximation 



yields the exact result [|23[. This means that the approach of Pereshogin and Pronin [|T| 
leads to a Hamiltonian that is canonically equivalent to that of a free particle with a 
time-dependent mass. The eigenvalue problem for H'^^it) is also solved exactly and there 
is no need to appeal to perturbation theory. 

2. In the Schrodinger equation (^) for the transformed Hamiltonian (^), if one combines 
the term iTiLi{t)U{ty = ~L{t){xp + px)/{2L(t)) with the time derivative, one obtains the 
'covariant time derivative' 

d L / d d \ 
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The covariant time derivative V* of Eq. (9) of Pereshogin and Pronin [|I|] differs from ([80| ) 
by a minus sign in the second term on the right hand side of (0). Indeed as pointed 
out by one of the referees, a consistent treatment of the problem based on the method 
of Pereshogin and Pronin [Q] shows that in fact (^0|) is the correct expression for the 
covariant time derivative. In order to see this, one must reconsider the definition of the 
operator P : L^([0, L(ti)]) —>■ L^([0, ^(^2)]) of Pereshogin and Pronin |]T]] which is used to 
define Vj. Pereshogin and Pronin determine P by requiring that its effect on the wave 
function (in the coordinate representation) is that of a dilatation. It is not difficult to 
see that P = U{t) where U{t) is given by Eq. (||) with a{t) = \n[L{t2)/L{ti)]. Note that 
for ij{x,ti) G L2([0,L(ti)]), PV^„(x,ti) = M^'^h) where x' = [L{t2) / L{ti)]x G [0,^(^2)]. 
Hence, Pipnix, ti) G -^^([0, L(t2)]), as required.^ Setting ti = t + 6t and ^2 = t, one obtains 
the infinitesimal form of P : -^^([0, L{t + 6t)]) -^ -^^([0, L{t)]) which is given by 

^ = '-^4(4 + 1^)- («^' 

Pereshogin and Pronin's expression for P differs from (|8lD in the sign of the second term 
on the right hand side of (0). If one chooses the opposite sign, as Pereshogin and Pronin 
do, then Pipn{x,ti) ^ L^([0, ^(^2)]), and the construction is inconsistent. If one uses the 
expression (|8TD for P in the Pereshogin and Pronin's analysis, one obtains the covariant 
time derivative (^0]) and the effective Hamiltonian 

Note that again the relevant Hilbert space is L^[([0, L(t)]). 

6 Adiabatic Geometric Phase Due to Moving Bound- 
aries 

6.1 Adiabatic geometric phase for the Hamiltonian (fS^ ) 

The Hamiltonian (^) is a special case of a parametric Hamiltonian of the form 

2 
H[R] = |i^ + ^(^5^]' *he^e (83) 



•^Note that here P is an active transformation: \ip) -^ P\ip)- It can also be viewed as a passive transformation 

(a;| -^ {x\P=: {x'\. 
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v(.;«] ^ r'^'^';°"^:!°''!. (84) 

oo tor X ^ [U, L\ 

R = (L, i?\ ■ ■ ■ , R'^) are real parameters, and R^,- ■ ■ ,R^ may be viewed as a set of coupling 
constants occurring in the expression for V. 

For the case of a free particle V = 0, and one can easily solve the eigenvalue equation for 
this Hamiltonian. The eigenvalues and eigenfunctions are given by 

hW , , , 

En = TT , and (85) 

2ML2 ' ^ ^ 

^sin(^)[0(x)-0(x-L)], (86) 

respectively. Since the eigenfunctions are real, one expects Berry's connection one-form 

An := i{(pn\d\(pn) , (87) 



to vanish identically |]2^]. This is in fact the case for any real potential V{x]t), because for a 
real potential the eigenfunctions 0„ may be chosen to be real. More specifically, one has 

0„(x; R] = /„(x, R][e{x) - eix - L)] , (88) 

where /„ are real- valued functions depending on R and vanishing at a; = and x = L. A simple 
calculation shows that 

An = z|_'2t/x('/„f:|^rf/?'^[0(x)-0(L-x)]2 + (/„)2[0(x)-^(L-x)](5(x-L)rfL'j , 



x=L 



2 

L \a=l 

dL[e{L)-emUn)\^^ , (89) 

= . (90) 

The integral on the right hand side of (|89|) is the norm of 0n which is supposed to be one. 
Therefore, its derivatives vanish. The last two terms vanish, because fn\x=L = 0. 

Eq. (|90[) shows that the problem of the adiabatic geometric phase for the Hamiltonian (|6^ ) 
is trivial. This means that the cyclic adiabatic geometric phase angles 'yn{T) vanish, and the 
noncyclic adiabatic geometric phases $„(t) only depend on the end points of the path traced 
by the parameters in the parameter space. 
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6.2 Adiabatic geometric phase for the canonically transformed Hamil- 
tonian ([TBI) with V = 

The Hamiltonian (^) with l^ = is obtained from the parametric Hamiltonian 

by setting L = L{t) and R = R{t) = ML{t)L{t). The Hilbert space of the system is ^^([0, Lq]). 
We shall write H" in the form 

H"[L, R] = Ho[L] + e[R]h[L] , (92) 

where 



4^ , e[R] := R , and h[L] := -^^^ 
2ML2 ' L J ) L J 2ML2 



^oW := ;t1^ , e[R] := R , and h[L] := --^.^ . (93) 



The eigenvalues and eigenfunctions of Hq are given by 

respectively. Because 'i/'^°-'(x) do not depend on R or L, A^^ = and the Berry connection 
one-form is given by Eq. (|59|) . Using Eqs. (^), (^) and (0) and performing the necessary 
algebra, we find 

E(i) = , and Cn = 4^(-ir^"^^ ^ for m ^ n . (95) 

Note that C^„ do not involve L. Furthermore, in view of Eqs. (|34D - (|37D , -E^ will all be either 
zero or proportional to L"^. Therefore, their ratios will also be independent of L. This in turn 
implies that all C^„ should be independent of L. Hence dC^^^ = for all i. In view of Eq. ([59| ) 
and A^l^ = 0, this is sufficient to conclude that An is an exact one-form and the geometric 
phase is trivial. 

6.3 Adiabatic geometric phase for the effective Hamiltonians ( [63| ) 

and ( |S2| ) 



It is not difficult to see that the effective Hamiltonians ( |63|) and (^) are special cases of a 
parametric Hamiltonian of the form 

H,s[R] = ^ + ^{xp + px), (96) 
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where i? G H is a real parameter. The effective Hamiltonians (^) and (|82|) are obtained from 
(p6| ) by requiring R to change in time according to 

flW = ±M. (97) 

where plus sign corresponds to the effective Hamiltonian ( |63D and the minus sign to the effective 
Hamiltonian (0). In the following we shall only treat the case of the effective Hamiltonian 
(p3|). The analogous results are obtained for the effective Hamiltonian ( ]5^ ) by changing the 



sign of R in the relevant equations. 

It is well-known, at least for the cases where the Hilbert space is L^(IR), that a parametric 
Hamiltonian which has IR as its parameter space cannot lead to a nontrivial geometric phase. 
This is simply because in this case Berry's connection one-form An depends on a single variable 
i? e IR and can be written as dF{R) where F{R) = J An{R)dR. This implies that both cyclic 
and noncyclic adiabatic geometric phases are trivial. The same conclusion can also be reached 
for the cases that the Hilbert space is L'^{Ai) where A^ is a fixed configuration space. 

The configuration space of the effective Hamiltonian (|63D is the interval [0, L] which is 
variable. We can treat this case by identifying the Hilbert space L^([0,L]) with L^(IR) of 
Eq. (|13|) where /i = 6{x) — 9{x — L). In this way, it is clear that the expression for the Berry 
connection one-form involves two parameters, namely R, which enters through the dependence 
of the eigenfunctions of ifeff[-R] on i?, and L which enters through the dependence of the measure 
/i on L. Therefore, the above argument does not apply to Hca[R\- 

Following Pereshogin and Pronin |]l|, we compute the eigenfunctions of Hcq[R] using per- 
turbation theory. We shall write 

i/eff = HQ + eh, (98) 



where 



7,2 1 

Ho = -^— , e = ML'^R , and h = -(xp + px) . (99) 

u 2M ' 2ML2 ^ ^ ^ ^ ^ ^ 



The eigenvalues and eigenfunctions of Hq are given by 

Because the eigenfunctions il)^\x) of Hq are real, and il)''^\L) = 0, we have A^^ = 0. Further- 

18 



more, we can use Eqs. ( |10(]| ), (^), (0) and (|99D, to calculate 



at m^ — n'^]L 



E^}^ 



, and Ci, 



4^(-l) 



m+n+l 



?7m 



, for m ^ n 



(101) 
(102) 



Again one can show that i^.^^^ are all proportional to L~^, and C^„ are independent of the 
parameters. Hence, in view of Eq. (^6|), we have 



A. 



2 2^ ^^V-'mn-^nm 



e + 



E' 
E' 



2 2 

m n 



m? — Ti^Y 



vr 



16rfL\ 



e + 



2 2 

m n 



^2^13 



2 2 

m n 



(m? — n^Y 



-l6MRLdL\ 
-16MLdL\ 



ir^n 



(103) 



where '• ■ •' stands for the terms which are either exact forms or of higher order in e. Eq. ( p.03| ) 
concides with the result of Pereshogin and Pronin [^. Note that r"„ of Pereshogin and Pronin 
|]I| is equal to —An = —An/dt. 

It is worth mentioning that in view of Eqs. (pOf), (p7D, and (|101| ), both A)^'n with m ^ n 
and e are proportional to L. This shows that the choice made for the perturbation parameter 
e is consistent with the adiabaticity of the evolution. In other words, the perturbation theory 
is valid for an adiabatic evolution of the system where L is very small. 



7 Conclusion 



In this article we have addressed two problems. First we presented a systematic perturbative 
calculation of the Berry's connection one-form and showed that the Berry's phase due to a 
time-dependent perturbation is a second order effect in the perturbation parameter. Next, we 
studied the quantum dynamics of a particle confined between moving walls and reconsidered 
the problem of the adiabatic geometric phase for this system. 

We showed that using the conventional approach based on the Hamiltonian (|6^) this system 
does not involve any nontrivial adiabatic geometric phases. For the case of a free particle where 
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V^ = 0, transforming this system into a canonically equivalent one with fixed boundaries does 
not lead to nontrivial adiabatic geometric phases either. However, if one postulates a new 
effective Hamiltonian for the system, then in principle nontrivial geometric phases may arise 
even for the case of a free particle. For example, if one uses the effective Hamiltonian ( |63D or 



82), one obtains a nontrivial adiabatic geometric phase. The effective Hamiltonian (|63D turns 
out to be canonically equivalent to that of a free particle of variable mass which is confined 
to an infinite square well with fixed boundaries. The latter system can be solved exactly. 
In particular, one can show that it does not involve nontrivial adiabatic geometric phases. 
The occurrence of nontrivial adiabatic geometric phases for the effective Hamiltonian (^) has, 
therefore, its origin in the time-dependent canonical transformation relating the two systems 

ill- 

We argued that a consistent treatment of the dynamics of a particle confined between 

a fixed and a moving boundary using the method of Pereshogin and Pronin ||l| leads to an 

effective Hamiltonian which differs slightly from that obtained by Pereshogin and Pronin. The 

occurrence of nontrivial geometric phases for this effective Hamiltonian is a clear indication 

of the fact that the approach of Pereshogin and Pronin is not equivalent to the conventional 

approach. Since both approaches aim to describe the dynamics of the same physical system, 

an experimental investigation of their predictions can easily determine their validity. 

Finally, we wish to remark that the dynamics of a massless particle confined between moving 

boundaries can also be treated by transforming the problem to an equivalent one with fixed 

boundaries |^. The phenomenon of the geometric phase for such a particle has not been 

addressed in a satisfactory manner^, though the geometric phases in optical systems have been 

thoroughly investigated. See for example the review [^ . The relativistic analog of the adiabatic 



geometric phase has been discussed in Ref. |^. The results of [^ may also be used to treat 



the case of massless particles satisfying the wave equation. 
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